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2I. INTRODUCTION
The Poincare´ group determines to a large extent the general structure of all relativistic quantum field theories.
Enlarging its symmetry content to conformal and super-Poincare´ groups enabled theoreticians to speculate about
physics beyond the standard model. In other words, physical theories are essentially determined by their invariances
(symmetries), the form of interactions being the preeminent example which results from the interplay between Lorentz
covariance and gauge symmetry. However it is still necessary to specify at which scale (macroscopic or microscopic,
low or high energy, etc.), at which level (classical or quantal) and what type (exact, approximate or broken) the
symmetry content of a model effectively describes certain physical phenomena. Symmetry breaking in physics are
usually explicit, anomalous or spontaneous. In group theoretical terms an unbroken larger group is broken to its
subgroups.
Charge conjugation (C), time reversal (T) and parity (P) transformations are independently respected by strong
and electromagnetic interactions whereas P violation is a signature of weak interactions. Baryon asymmetry in the
universe relies strongly on CP violation which motivates the search of additional mechanisms beyond those observed
and predicted by the standard model. However the discrete symmetries C, P and T are related by the CPT theorem,
demonstrated by Luders in 1952, which states that the combination of C, P, and T is a general symmetry of local
relativistic field theories without gravity. CPT symmetry can be broken as a result of Lorentz violation [1] as seen
in the Standard Model Extension (SME) [2], the low energy framework for Lorentz-breaking effects. The SME is
built with all Lorentz and CPT violating lagrangian terms consistent with coordinate invariance [3]. It allows for the
identification and comparison of most currently feasible experiments searching for Lorentz and CPT violation. Any
signal of a tiny coefficient of a Lorentz-violating term would support the idea of an unified theory at Planck scale.
With that purpose, several tests have been performed with the aim of detecting those low energy Lorentz-violating
effects. The electrodynamics sector of the SME has been studied in a broad class of experimental tests, as summarized
in Ref. [4]. For instance, constraints on the minimal electron sector include those in Ref. [5], while ones in the minimal
photon sector include those for the Chern-Simons term in Ref. [6] and those for propagation effects in Ref. [7].
At tree level, SME is well established. The one-loop renormalization of Extended QED (EQED) has already been
performed and the beta functions corresponding to each Lorentz-violating coupling [8] were calculated as well as for
non-Abelian extended theories in the pure Yang-Mills sector [9], in the electroweak [10] and the strong [11] sectors.
There are also several works regarding the radiative induction of Lorentz-violating terms [12].
The chiral anomaly in the EQED has been studied recently [13] in the Fujikawa approach[14]. The anomaly
cancellation conditions are necessary even in the presence of Lorentz violation [2, 15]. In perturbative treatments, care
must be exercised in computing finite quantum corrections in extended such models. One reason is the choice of the
treatment of infinities which is a subtle task in Lorentz-violating theories. Some of the Lorentz- and CPT-breaking
terms contain dimensional specific objects like γ5 matrices and Levi-Civita symbols. Consequently, conventional
dimensional regularization [16, 17] is not suitable. Several frameworks have been proposed to overcome the difficulty
in the treatment of γ5 matrices in divergent amplitudes [18–20].
Moreover it may occur a priori undefined quantum corrections in Feynman diagram calculations, which entail regu-
larization dependence and spurious symmetry violation [21]. This is particularly important in distinguishing between
a genuine anomaly and an apparent violation of symmetry. Such arbitrariness being an artifact of divergences in
perturbation theory should be fixed on symmetry grounds or physical constraints. When dimensional regularization
and its extensions are ambiguous, it is convenient to employ a framework which, besides operating in the physical
dimensional to avoid problems with dimensional specific theories, allows for a clear identification of arbitrary pa-
rameters. Therefore an useful tool is implicit regularization (IR) [22] in which such arbitrarinesses are expressed by
finite differences between basic divergent loop integrals (independent of external momenta) having the same degree
of divergence and different Lorentz structure which in turn can be expressed as surface terms (ST). The latter are
usually multiplied by momentum routing dependent labels in the loops of a Feynman diagram. Some regularizations
break momentum routing invariance (MRI), a freedom authorized by energy-momentum conservation at the vertices
of Feynman diagrams.
The striking connection between MRI and gauge symmetry was realized long ago by t’ Hooft and Veltman [16],
Jackiw [23] as well as by Elias and collaborators [24]. In [28] it was established the interplay between the vanishing of
ST and abelian gauge invariance to all orders in perturbation theory in the framework of IR: demanding MRI leads to
preservation of Ward identities order by order in perturbation theory. ST can be systematically derived at arbitrary
loop order, complying with Lorentz invariance and unitarity as dictated by the local Bogoliubov’s R-operation based
on the Bogoliubov-Parasiuk-Hepp-Zimmermann theorem [25, 26]. Of course symmetry requirements may either be
ensured by an invariant regularization or imposed as constraint equations dictated by Ward-Slavnov-Taylor identities
order by order in the loops. Yet a little tedious from the calculational viewpoint, the latter procedure is perfectly
sound for both anomaly free theories and models in which the quantum symmetry breaking mechanism is well known.
To cut a long story short, the choice of the regularization is a subtle task specially when we are studying anomalies
3and we want to find out whether a classical symmetry is also preserved at the quantum level. If an inadequate choice
is made we can get spurious breaking terms which are not physical but are an artifact of the regularization itself.
In this work we evaluate the two- and three-point functions of the photon in the EQED completing the analysis of
reference [8], where the explicit computation of these diagrams was not considered due to finite radiative contributions
which contain the dimensional specific gamma matrix γ5 and need careful evaluation. We will explicitly show that
MRI can be made manifest and the results will not be contaminated by arbitrary regularization dependent ST [30].
Instead, we shall verify that Ward identities involving two- and the three-point functions depend on such ST which,
following [21], must be fixed either by phenomenology or symmetries of the underlying model. We conclude that MRI
is a necessary and sufficient condition to establish gauge invariance in EQED. It has been shown that this invariance
was also necessary to super-symmetry [28] and in the derivation of the Renormalization Group functions in scalar
theories [25]. Moreover when γ5 matrices occur in Feynman diagram calculations care must be exercised even when we
work in the physical dimension [18]. A symmetrization of the traces involving such matrices is shown to be consistent
with gauge invariance.
This work is organized as follows: in next section we present the EQED and its Feynman rules. In section III we
present the calculational framework and notation we use to handle divergent amplitudes. In section IV we derive the
gauge Ward identities and present their relation with MRI in section V. We conclude in section VI and leave a table
of integrals for the appendix.
II. THE MODEL AND THE AMPLITUDES
The EQED is a low-energy limit of the SME. It includes all Lorentz- and CPT-violating effects in some coefficients
(a, b, c, ...) [8]:
L = 1
2
iψ¯Γµ
←→
D µψ − ψ¯Mψ − 1
4
FµνFµν − 1
4
(kF )κλµνF
µνFκλ +
1
2
(kAF )
κκλµνA
λFµν (1)
where Dµ ≡ ∂µ + ieAµ is the usual covariant derivative which couples the gauge field with matter,
Γν = γν + Γν1 ,
Γν1 = c
µνγµ + d
µνγ5γµ + e
ν + ifνγ5 +
1
2
gλµνσλµ (2)
and
M = m+m5γ5 + a
µγµ + bµγ5γ
µ +
1
2
Hµνσ
µν . (3)
The coefficients aµ, bµ, cµν , dµν , eµ, fµ, gλµν , Hµν , (kF )κλµν and (kAF )κ govern Lorentz violation and only the
coefficients aµ, bµ, eµ, fµ, gλµν and (kAF )κ govern CPT violation since the number of indices is odd.
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FIG. 1. Feynman rules of the EQED.
We list the Feynman rules corresponding to theory (1) in figure 1. We see in Lagrangian (1) that we have a general
vertex with Γµ instead of just γµ and a general fermion propagator
i
pµΓµ−M . However, considering the whole fermion
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FIG. 2. One-loop 2-point functions of the EQED.
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FIG. 3. One-loop 3-point functions of the EQED.
propagator is a difficult task. Therefore, the dot and the cross insertions in figure 1 mean the leading order in Lorentz
and CPT violation in the fermion propagator.
Global gauge invariance of (1) leads to the classically conserved current in this Lorentz- and CPT-violating version
of QED:
jµ = eψ¯Γµψ. (4)
In order to verify whether or not the classical current jµ is preserved at the quantum level, we have to obtain the
gauge Ward identities coming from the evaluation of the diagrams of figure 2 whose amplitudes are
Πµν(a) = −
∫
d4k
(2pi)4
Tr
[
Γν1
1
/k −mγ
µ 1
/k − /p−m
]
, (5)
Πµν(b) = −
∫
d4k
(2pi)4
Tr
[
γν
1
/k −mΓ
µ
1
1
/k − /p−m
]
, (6)
Πµν(c) =
∫
d4k
(2pi)4
Tr
[
γν
1
/k −mΓ
λ
1kλ
1
/k −mγ
µ 1
/k − /p−m
]
, (7)
5Πµν(d) =
∫
d4k
(2pi)4
Tr
[
γν
1
/k −mγ
µ 1
/k − /p−mΓ
λ
1 (kλ − pλ)
1
/k − /p−m
]
, (8)
Πµν(e) = −
∫
d4k
(2pi)4
Tr
[
γν
1
/k −mM1
1
/k −mγ
µ 1
/k − /p−m
]
, (9)
Πµν(f) = −
∫
d4k
(2pi)4
Tr
[
γν
1
/k −mγ
µ 1
/k − /p−mM1
1
/k − /p−m
]
. (10)
There is also a Ward identity coming from the 3-point functions of figure 3. These amplitudes read
Tµνα(a) = −
∫
d4k
(2pi)4
Tr
[
γµ
1
/k −mγ
ν 1
/k + /q −mΓ
α
1
1
/k − /p−m
]
, (11)
Tµνα(b) = −
∫
d4k
(2pi)4
Tr
[
γµ
1
/k −mΓ
ν
1
1
/k + /q −mγ
α 1
/k − /p−m
]
, (12)
Tµνα(c) = −
∫
d4k
(2pi)4
Tr
[
Γµ1
1
/k −mγ
ν 1
/k + /q −mγ
α 1
/k − /p−m
]
, (13)
Tµνα(d) =
∫
d4k
(2pi)4
Tr
[
γµ
1
/k −mΓ
λ
1kλ
1
/k −mγ
ν 1
/k + /q −mγ
α 1
/k − /p−m
]
, (14)
Tµνα(e) =
∫
d4k
(2pi)4
Tr
[
γµ
1
/k −mγ
ν 1
/k + /q −mΓ
λ
1 (k + q)λ
1
/k + /q −mγ
α 1
/k − /p−m
]
, (15)
Tµνα(f) =
∫
d4k
(2pi)4
Tr
[
γµ
1
/k −mγ
ν 1
/k + /q −mγ
α 1
/k − /p−mΓ
λ
1 (k − p)λ
1
/k − /p−m
]
. (16)
Tµνα(g) = −
∫
d4k
(2pi)4
Tr
[
γµ
1
/k −mM1
1
/k −mγ
ν 1
/k + /q −mγ
α 1
/k − /p−m
]
, (17)
Tµνα(h) = −
∫
d4k
(2pi)4
Tr
[
γµ
1
/k −mγ
ν 1
/k + /q −mM1
1
/k + /q −mγ
α 1
/k − /p−m
]
, (18)
Tµνα(i) = −
∫
d4k
(2pi)4
Tr
[
γµ
1
/k −mγ
ν 1
/k + /q −mγ
α 1
/k − /p−mM1
1
/k − /p−m
]
. (19)
Gauge invariance holds at one-loop order if the following vectorial Ward identities hold:
pµ(Π
µν
(a) + Π
µν
(b) + Π
µν
(c) + Π
µν
(d) + Π
µν
(e) + Π
µν
(f)) = 0 (20)
(p+ q)α(T
µνα
(a) + T
µνα
(b) + T
µνα
(c) + T
µνα
(d) + T
µνα
(e) + T
µνα
(f) + T
µνα
(g) + T
µνα
(h) + T
µνα
(i) ) = 0 (21)
There are also the corresponding crossed diagrams of figure 3 to be considered. Taking for instance, diagram Tµνα(a)
with its crossed diagram, we have
6Tµνα(a) (p, q) + T
νµα
(a) (q, p) =
=−
∫
d4k
(2pi)4
Tr
[
γµ
1
/k −mγ
ν 1
/k + /q −mΓ
α
1
1
/k − /p−m
]
+
∫
d4k
(2pi)4
Tr
[
1
/k − /p+mΓ
α
1
1
/k + /q +m
γν
1
/k +m
γµ
]
. (22)
We can take the transpose of the square bracket of second term and use that (γµ)T = −C−1γµC to obtain the
following term in the numerator:
Tr[γµ(/k +m)γν(/k + /q +m)(−C(Γα1 )TC−1 − Γα1 )(/k − /p+m)], (23)
where
− C(Γν1)TC−1 = cµνγµ − dµνγ5γµ − eν − ifνγ5 +
1
2
gλµνσλµ. (24)
Therefore, the overall effect of the crossed diagrams is to cancel the C-preserving part of Γµ1 as is presented in [8].
Then we may simply replace Γα1 with Γ¯
α
1 = C(Γ
α
1 )
TC−1 +Γα1 in amplitudes (11)-(16) to consider the crossed diagrams.
Of course, the same idea can be applied to the the insertion M1 in diagrams (g), (h) and (i). However, the sum of
one diagram with its crossed diagram would lead to M1 − C(M1)TC−1 ≡ M¯1 in the numerator. Consequently, m5
and bµ coefficients are the ones which vanish.
III. BASIC DIVERGENT INTEGRALS AND SURFACE TERMS
Here we briefly describe the framework [22] to handle the divergent integrals in four dimensions which appear in
the amplitudes of the previous section and establish some notation. In this scheme, we assume that integrals are
regularized by an implicit regulator Λ just to justify algebraic operations within the integrands. We then use, for
instance, the following identity∫
k
1
(k + p)2 −m2 =
∫
k
1
k2 −m2 −
∫
k
(p2 + 2p · k)
(k2 −m2)[(k + p)2 −m2] , (25)
where
∫
k
≡ ∫ Λ d4k(2pi)4 in order to separate basic divergent integrals from the finite part. They are defined as follows:
Iµ1···µ2nlog (m
2) ≡
∫
k
kµ1 · · · kµ2n
(k2 −m2)2+n (26)
and
Iµ1···µ2nquad (m
2) ≡
∫
k
kµ1 · · · kµ2n
(k2 −m2)1+n . (27)
The basic divergences with Lorentz indices can be judiciously combined as differences between integrals with the
same superficial degree of divergence, according to the equations below, which define the ST 1:
Υµν2w = g
µνI2w(m
2)− 2(2− w)Iµν2w(m2) = υ2wgµν , (28)
Ξµναβ2w = g
{µνgαβ}I2w(m2)− 4(3− w)(2− w)Iµναβ2w (m2) = ξ2wg{µνgαβ}, (29)
Σµναβγδ2w = g
{µνgαβgγδ}I2w(m2)− 8(4− w)(3− w)(2− w)Iµναβγδ2w (m2) = σ2wg{µνgαβgγδ}. (30)
In the expressions above, 2w is the degree of divergence of the integrals and for the sake of brevity, we substitute
the subscripts log and quad by 0 and 2, respectively. Surface terms can be conveniently written as integrals of total
derivatives, namely
υ2wg
µν =
∫
k
∂
∂kν
kµ
(k2 −m2)2−w ,
(31)
1 The Lorentz indices between brackets stand for permutations, i.e., A{α1···αnBβ1···βn} = Aα1···αnBβ1···βn + sum over permutations
between the two sets of indices α1 · · ·αn and β1 · · ·βn.
7(ξ2w − v2w)g{µνgαβ} =
∫
k
∂
∂kν
2(2− w)kµkαkβ
(k2 −m2)3−w . (32)
and
(σ2w − ξ2w)g{µνgαβgγδ} =
∫
k
∂
∂kν
4(3− w)(2− w)kµkαkβkγkδ
(k2 −m2)4−w . (33)
Equations (28)-(30) are in principle arbitrary and regularization dependent. They can be shown to vanish in usual
dimensional regularization. We leave these terms unevaluated until the end of the calculation to be fixed on symmetry
grounds or phenomenology, when it is the case [21]. When a quantum breaking runs over different Ward identities
[28, 29], e.g., the AVV triangle anomaly, they play a fundamental role in a democratic display of the anomaly.
IV. EVALUATION OF THE DIAGRAMS
A. Two-point function
We start this section evaluating the Ward identity coming from the two-point function presented in figure 2. The
left hand side of equation (21) reads:
pµ
f∑
i=a
Πµν(i)(p) =
[
−
∫
k
Tr
(
Γν1
1
/k − /p−m
)
+
∫
k
Tr
(
Γν1
1
/k −m
)]
−
[ ∫
k
Tr
(
γν
1
/k −mpµΓ
µ
1
1
/k − /p−m
)]
+
+
[ ∫
k
Tr
(
γν
1
/k −mkλΓ
λ
1
1
/k − /p−m
)
−
∫
k
Tr
(
γν
1
/k −mkλΓ
λ
1
1
/k −m
)]
+
+
[ ∫
k
Tr
(
γν
1
/k − /p−m (k − p)λΓ
λ
1
1
/k − /p−m
)
−
∫
k
Tr
(
γν
1
/k −m (k − p)λΓ
λ
1
1
/k − /p−m
)]
+
+
[
−
∫
k
Tr
(
γν
1
/k −mM1
1
/k − /p−m
)
+
∫
k
Tr
(
γν
1
/k −mM1
1
/k −m
)]
+
+
[
−
∫
k
Tr
(
γν
1
/k − /p−mM1
1
/k − /p−m
)
+
∫
k
Tr
(
γν
1
/k −mM1
1
/k − /p−m
)]
(34)
Diagrams in equations (5)-(10) correspond to each square bracket of equation (34), respectively. We have used
/p = /k−m− (/k−/p−m) in order to exclude one propagator and separate in two parts some diagrams. The summation
of the first term of diagram (c), the second term of diagram (d) and diagram (b) cancels. Likewise, the first term of
diagram (e) cancels the second term of diagram (f). After trace algebra, the integrals are evaluated as displayed in
the appendix. Putting the results together, we verify that it is transverse up to surface terms:
pµ
f∑
i=a
Πµν(i)(p) = 4(12c
αβpαpβp
ν + 4p2cναpα + 4p
2cανpα)(ξ0 − υ0) + 4(p2(meν − aν) + 2(me · p− a · p)pν)×
× (2υ0 − ξ0) + 4(cναpα + cανpα)(2υ2 − ξ2 − p2σ0)− 8cαβpαpβpνσ0 (35)
The result above depends on the arbitrary logarithmic surface terms υ0, ξ0 and σ0 and on the arbitrary quadratic
surface terms υ2 and ξ2. As we discussed earlier these terms expressed by differences between two divergent quantities
are regularization dependent and must be fixed on symmetry grounds [21]. For instance, gauge invariance fixes those
arbitrary terms (see [27, 28]). However, since we want to prove whether gauge symmetry holds in EQED beyond tree
level, is not possible to require this symmetry to fix the arbitrarinesses since we do not know if it holds a priori. Thus,
we have to require another constraint to fix these arbitrary terms. We require Momentum Routing Invariance (MRI)
of the diagrams. That means physical results should not depend on the way we label the internal momenta as long
as we respect the energy-momentum conservation at each vertex. We can take advantage of this feature when we do
not have another symmetry to require in order to fix arbitrarinesses. In theories with only scalar fields we have the
lack of gauge symmetry and MRI is the only condition we have to fix surface terms. We will show that MRI also
fixes such surface terms leading to gauge invariance in EQED. The proof that MRI and abelian gauge invariance are
interconnected has been established for QED in [28]. We will discuss all this further in section V after evaluating the
three-point functions.
8It is noteworthy that we have the combination meν − aν in eq. (35) that is not expected to be observable since it
can be eliminated by a field redefinition [2]. However, we also have the symmetric part of cµν coefficient that is in
principle observable. A spurious value for the surface terms would lead to the wrong conclusion of a gauge anomaly
expressed by either observable or non-observable coefficients.
B. Three-point function
We proceed to evaluate the left hand side of equation (21):
(p+ q)α
i∑
j=a
Tµνα(j) (p, q) =
[
−
∫
k
Tr
(
γµ
1
/k −mγ
ν 1
/k + /q −m Γ¯
α
1 (p+ q)α
1
/k − /p−m
)]
+
[
−
∫
k
Tr
(
γµ
1
/k −m Γ¯
ν
1
1
/k − /p−m
)
+
+
∫
k
Tr
(
γµ
1
/k −m Γ¯
ν
1
1
/k + /q −m
)]
+
[
−
∫
k
Tr
(
Γ¯µ1
1
/k −mγ
ν 1
/k − /p−m
)
+
∫
k
Tr
(
Γ¯µ1
1
/k −mγ
ν 1
/k + /q −m
)]
+
+
[ ∫
k
Tr
(
γµ
1
/k −m Γ¯
λ
1kλ
1
/k −mγ
ν 1
/k − /p−m
)
−
∫
k
Tr
(
γµ
1
/k −m Γ¯
λ
1kλ
1
/k −mγ
ν 1
/k + /q −m
)]
+
+
[ ∫
k
Tr
(
γµ
1
/k −mγ
ν 1
/k + /q −m Γ¯
λ
1 (k + q)λ
1
/k − /p−m
)
−
∫
k
Tr
(
γµ
1
/k −mγ
ν 1
/k + /q −m Γ¯
λ
1 (k + q)λ
1
/k + /q −m
)]
+
+
[
−
∫
k
Tr
(
γµ
1
/k −mγ
ν 1
/k + /q −m Γ¯
λ
1 (k − p)λ
1
/k − /p−m
)
+
∫
k
Tr
(
γµ
1
/k −mγ
ν 1
/k − /p−m Γ¯
λ
1 (k − p)λ
1
/k − /p−m
)]
+
+
[
−
∫
k
Tr
(
γµ
1
/k −mM¯1
1
/k −mγ
ν 1
/k − /p−m
)
+
∫
k
Tr
(
γµ
1
/k −mM¯1
1
/k −mγ
ν 1
/k + /q −m
)]
+
+
[
−
∫
k
Tr
(
γµ
1
/k −mγ
ν 1
/k + /q −mM¯1
1
/k − /p−m
)
+
∫
k
Tr
(
γµ
1
/k −mγ
ν 1
/k + /q −mM¯1
1
/k + /q −m
)]
+
+
[ ∫
k
Tr
(
γµ
1
/k −mγ
ν 1
/k + /q −mM¯1
1
/k − /p−m
)
−
∫
k
Tr
(
γµ
1
/k −mγ
ν 1
/k − /p−mM¯1
1
/k − /p−m
)]
. (36)
Diagrams represented by equations (11)-(19) correspond to each square bracket of equation (36), respectively. Again
we use algebra like /p+ /q = /k+ /q−m− (/k− /p−m) in order to exclude one propagator and split some amplitudes into
two parts. The summation of the first term of diagram (e), the first term of diagram (f) and diagram (a) cancels.
The first term of diagram (h) cancels the first term of diagram (i). For the remaining (divergent) terms, we do not
perform shifts of integration variable as they lead to extra surface terms: the final result is finite, it is important not
to evaluate arbitrary undetermined terms especially those involving quadratically divergent surface terms.
Moreover one has to be careful in evaluating Tr[γµγβγνγξγαγλγ5] that we find in these divergent amplitudes. It
is possible to use the following identity to reduce the number of Dirac γ matrices:
γµγβγν = gµβγν + gνβγµ − gµνγβ − iµβνργργ5. (37)
Using equation (37), Tr[γµγβγνγξγ5] = 4iµβνξ and γ5γ
ργ5 = −γρ we end up with the following result
Tr[γµγβγνγξγαγλγ5] = 4i(gβµνξαλ + gβνµξαλ − gµνβξαλ − gλαµβνξ + gξλµβνα − gξαµβνλ). (38)
However, it is completely arbitrary which three γ matrices we pick up to apply equation (37). A different choice
would give the result of equation (38) with Lorentz indices permuted. Furthermore, equation {γ5, γµ} = 0 should be
avoided inside a divergent integral since this operation seems to fix a value for the surface term which explains why
it breaks gauge invariance in some calculations [19]. This approach was also discussed in [18]. Therefore, we have to
consider all possible permutations of Lorentz indices in equation (38) to yield [18, 31]:
−i
4
Tr[γµγνγαγβγγγδγ5] = −gαβγδµν + gαγβδµν − gαδβγµν − gαµβγδν + gανβγδµ − gβγαδµν + gβδαγµν+
+ gβµαγδν − gβναγδµ − gγδαβµν − gγµαβδν + gγναβδµ + gδµαβγν − gδναβγµ − gµναβγδ. (39)
After taking the remaining traces of equation (36), we regularize the divergent integrals using the method of section
III. We list all the regularized integrals in the appendix. The result of the Ward identity is
9(p+ q)α
i∑
j=a
Tµνα(j) = 4i(dλγ + dγλ)p
λpα
αγµν(υ0 − ξ0) + 8m(pνeµ + pµeν + gµνe · p)(2υ0 − ξ0)+
+ 8(pνaµ + pµaν + gµνa · p)(2υ0 − ξ0)− (−p→ q). (40)
As in the previous subsection, the Ward identity depends on the arbitrary surface terms, only the logarithmic ones
this time since the amplitudes are linearly divergent. Therefore we notice, once again, that gauge invariance is broken
by arbitrary terms, which should be fixed by demanding MRI as we demonstrate in the next section.
V. THE GAUGE AND MOMENTUM ROUTING INVARIANCE RELATION
As discussed in the previous section, Ward identities for two and three-point functions in EQED are only broken
by regularization-dependent objects. This feature allows us to draw already some conclusions: first, that no anomaly
occurs in EQED (at least at one-loop order). The reason lies on the appearance of only ST, which are regularization-
dependent. In other words, they only parametrize breakings by regularization methods themselves (for example, the
cut-off regularization always evaluates surface terms to finite values, explaining why this formalism is known to break
gauge invariance). If an anomaly occurs, the Ward identity should evaluate to finite terms (which would represent
the quantum breaking) plus surface terms. One could now wonder if, by imposing some other constraint, the surface
terms could be fixed. The answer is positive and that constraint is MRI as we show bellow.
MRI is a feature that should be shared by all theories since it means physical results should not depend on the way
we label the internal momenta of Feynman diagrams as long as we respect energy-momentum conservation at each
vertex. The non-trivial fact to be emphasized is that, as showed in [28], MRI breakings always manifest themselves
by the appearance of surface terms. Since gauge invariance is also broken by the same objects, one can speculate that
it is related to MRI. This statement was showed to be true for Standard QED in [28]. Here we will sketch how the
same proof can be applied for EQED.
The main point to be noticed is that Ward identities can be depicted in diagrammatic form [32]. For example, to
obtain the n-point function Ward identity, one needs to start with all n− 1-point functions and perform an insertion
of an external photon leg in all possible ways. In figure 4, we can see a simple example for two terms of the 2-point
function Ward identity of the EQED.
+ += =
p k
k - p k - p
k
p p p
k - p
k
= -
k - p k
FIG. 4. Relation between gauge and MRI.
Figure 4 is a diagrammatic form of the simple following manipulation of the amplitudes:
pµΠ
µν(p) =
[ ∫
k
Tr
(
γν
1
/k −mkλΓ
λ
1
1
/k −m/p
1
/k − /p−m
)]
+
[ ∫
k
Tr
(
γν
1
/k −m/p
1
/k − /p−m (k − p)λΓ
λ
1
1
/k − /p−m
)]
−
−
[ ∫
k
Tr
(
γν
1
/k −mpµΓ
µ
1
1
/k − /p−m
)]
=
[ ∫
k
Tr
(
γν
1
/k −mkλΓ
λ
1
1
/k − /p−m
)
−
∫
k
Tr
(
γν
1
/k −mkλΓ
λ
1
1
/k −m
)]
+
+
[ ∫
k
Tr
(
γν
1
/k − /p−m (k − p)λΓ
λ
1
1
/k − /p−m
)
−
∫
k
Tr
(
γν
1
/k −m (k − p)λΓ
λ
1
1
/k − /p−m
)]
−
−
∫
k
Tr
(
γν
1
/k −mpµΓ
µ
1
1
/k − /p−m
)
=
∫
k
Tr
(
γν
1
/k − /p−m (k − p)λΓ
λ
1
1
/k − /p−m
)
−
∫
k
Tr
(
γν
1
/k −mkλΓ
λ
1
1
/k −m
)
(41)
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FIG. 5. Momentum routing invariance of tadpoles.
In equation (41) we see that the 2-point function Ward identity is nothing but the difference between two tadpoles
with different routing. Since the condition to preserve MRI is that the difference of the same Feynman diagram with
two different routing is null, we easily see that by imposing MRI to the tadpoles depicted one automatically preserves
gauge invariance. Even though the discussion above was restricted only to two of the six terms of the 2-point function
Ward identity, the other terms can be shown to share the same behavior. Explicitly, one obtains by demanding MRI
conditions:
In figure 5, l is an arbitrary routing that we can make proportional to the external momentum, i.e., l = αp. Let us
call the tadpoles a function of l, τν(l). The result of figure 5 is
(τν(a)(l)− τν(a)(l′)) + (τν(b)(l)− τν(b)(l′)) = 4(α′3 − α3)(12cαβpαpβpν + 4p2cναpα + 4p2cανpα)(ξ0 − υ0)+
+ 4(α2 − α′2)(p2meν + 2mpνe · p)(2υ0 − ξ0) + 4(α3 − α′3)(2cαβpαpβpν + cναpαp2 + cανpαp2)σ0+
+ 4(α′ − α)(cναpα + cανpα)(2υ2 − ξ2) (42)
Since α 6= α′ by definition, the only possible solution of equation (42) is to make all surface terms zero, i.e.,
υ0 = ξ0 = σ0 = 0 and υ2 = ξ2 = 0. This solution assures gauge invariance since the Ward identity of equation (35) is
satisfied.
A similar feature occurs for the three-point functions as well. The MRI condition for the triangle diagrams is
presented in figure 6.
- + ... = 0
k + k3
k + k1
k + k2 k + k '3
k + k '1
k + k '2
FIG. 6. Diagrammatic representation of MRI.
This time we have at least three different routings corresponding to each internal line. Thus, what we have to
calculate is
(p+ q)α
f∑
i=a
(Tµνα(i) (k1, k2, k3)− Tµνα(i) (k′1, k′2, k′3)) = 0 (43)
It is not necessary to consider diagrams (g), (h) and (i) since they will contribute to the equation above with an
aµ coefficient that will not affect the result or the conclusions bellow.
The general routing ki obeys the following relations due to energy-momentum conservation at each vertex:
k2 − k3 =p+ q,
k1 − k3 =p,
k2 − k1 =q. (44)
Equations (44) allow us to parametrize the routing ki as combinations of external momenta:
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k1 =αp+ (β − 1)q,
k2 =αp+ βq,
k3 =(α− 1)p+ (β − 1)q. (45)
Considering equations above, the result of equation (43) implies that:
(p+ q)α
f∑
i=a
(Tµνα(i) (k1, k2, k3)− Tµνα(i) (k′1, k′2, k′3)) = 8i(p+ q)α[(dληηµνα + dαη ηνµλ + dνηµηλα + dµη νηαλ+
+ dκκ
µνλα)υ0 − dκκµνλαξ0][(α− α′)pλ + (β − β′)qλ] = 0 (46)
Since α 6= α′ and β 6= β′ by definition, the only possible solution to the equation above is υ0 = ξ0 = 0. Finally, we
conclude that MRI condition assures that gauge invariance holds at the quantum level, i.e., (p+ q)α
∑f
i=a T
µνα
(i) = 0,
which means electric charge conservation in the SME beyond tree level. That same conclusion was found in the usual
QED [28].
Of course, the same idea can be applied to an arbitrary number of external legs and loops. For instance, if the
initial diagram has four (or more) external legs, as in figure 4, there is an equivalent equation which provides the
difference between two diagrams with four (or more) external legs whose the internal labels are different. Since the
finite part does not depend on the routing, gauge invariance is trivially respected in this case.
Besides, to make the complete one-loop proof we should calculate the Ward identity that comes from the Box
diagrams. Although the calculation of the Box type diagrams are more involved from the computational viewpoint
it can be straightforwardly shown that we would have an equivalent equation, as in figure 4, which would lead to the
difference between two three leg diagrams with different routing. Since we show in equation (46) that these difference
must be zero to assure the WI of the three point function, the WI of the Box diagrams must be zero as well.
VI. CONCLUDING REMARKS
In this work we have studied the electromagnetic sector of the Standard Model Extension (SME) which encompasses
all Lorentz-violating terms originated by spontaneous symmetry breaking at the Planck scale. In particular, we have
verified under which conditions the above mentioned sector respects gauge invariance. We found, in consonant with
the result of standard QED, that Ward identities are only broken by regularization-dependent objects. Since this
objects only parametrize breakings by regularization methods themselves, we conclude that no quantum anomaly
occurs in this model. We have also studied the interplay between MRI and gauge invariance and we have shown that
they share a one-by-one correspondence even in the presence of chiral objects such as γ5 matrix. This extends our
previous proof for standard QED to a more broad class of models and allows us to conjecture MRI as a fundamental
feature that all theories should comply with.
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APPENDIX
The results of all regularized integrals found after taking the trace in equation (34) are
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∫
k
1
[(k − p)2 −m2] = Iquad(m
2)− p2υ0 (47)∫
k
kα
[(k − p)2 −m2] = p
α(Iquad(m
2)− υ2)− p2pα(ξ0 − υ0) (48)∫
k
kα
[(k − p)2 −m2]2 = p
α(Ilog(m
2)− υ0) (49)∫
k
k2
[(k − p)2 −m2]2 = Iquad(m
2) + (m2 + p2)Ilog(m
2)− 3p2υ0 (50)∫
k
kαkβ
[(k − p)2 −m2]2 =
1
2
gαβ(Iquad(m
2)− υ2) + pαpβ(Ilog(m2)− ξ0)− 1
2
p2gαβ(ξ0 − υ0) (51)∫
k
k2kα
[(k − p)2 −m2]2 = 2p
α(Iquad(m
2)− υ2) + pα(m2 + p2)Ilog(m2) + pα(3p2 −m2)υ0 − 4p2pαξ0 (52)∫
k
kαkβkγ
[(k − p)2 −m2]2 =
1
2
p{αgγβ}(Iquad(m2)− ξ2) + pαpβpγ(Ilog(m2) + 3ξ0 − 3υ0 − σ0)+
+
1
2
p2p{αgγβ}(2ξ0 − υ0 − σ0) (53)
(54)
The results of all regularized integrals found after taking the trace in equation (36) are
I =
∫
k
1
(k2 −m2)2[(k + p)2 −m2] = −b
∫ 1
0
dx
(1− x)
∆2
(55)
Iβ1 =
∫
k
kβ
(k2 −m2)2[(k + p)2 −m2] = b p
β
∫ 1
0
dx
x(1− x)
∆2
(56)
Jβ1 =
∫
k
kβ
(k2 −m2)[(k − p)2 −m2]2 = I
β
1 + p
βI (57)
I2 =
∫
k
k2
(k2 −m2)2[(k + p)2 −m2] = Ilog(m
2)− b Z0(p2,m2)− b m2
∫ 1
0
dx
(1− x)
∆2
(58)
J2 =
∫
k
k2
(k2 −m2)[(k − p)2 −m2]2 = I2 + p
2I + 2pβI
β
1 (59)
Iβν2 =
∫
k
kβkν
(k2 −m2)2[(k + p)2 −m2] =
1
4
gβν(Ilog(m
2)− υ0)− 1
2
b gβν [Z0(p
2,m2)− Z1(p2,m2)]−
− b pβpν
∫ 1
0
dx
x2(1− x)
∆2
(60)
Jβν2 =
∫
k
kβkν
(k2 −m2)[(k − p)2 −m2]2 = I
βν
2 + p
βpνI + Iβ1 p
ν + Iν1 p
β (61)
Iν3 =
∫
k
k2kν
(k2 −m2)2[(k + p)2 −m2] = −
1
2
pν(Ilog(m
2)− υ0) + b pνZ1(p2,m2) + b m2 pν
∫ 1
0
dx
x(1− x)
∆2
(62)
Jν3 =
∫
k
k2kν
(k2 −m2)[(k − p)2 −m2]2 = I
ν
3 + p
νI2 + p
2Iν1 + p
2pνI + 2pγI
γν
2 + 2pγp
νIγ1 − pνυ0 (63)
Iβνα5 =
∫
k
kβkνkα
(k2 −m2)2[(k + p)2 −m2] =
−1
12
bp{αgβν}(Ilog(m2)− ξ0) + b pαpβpν
∫ 1
0
dx
x3(1− x)
∆2
+
+
1
2
b p{αgβν}[Z1(p2,m2)− Z2(p2,m2)] (64)
Jβνα5 =
∫
k
kβkνkα
(k2 −m2)[(k − p)2 −m2]2 = I
βνα
5 + p
βpνpαI + p{νpβIα}1 + p
{βIνα}2 +
1
4
p{αgβν}(υ0 − ξ0) (65)
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Iβν4 =
∫
k
k2kβkν
(k2 −m2)2[(k + p)2 −m2] =
1
2
gβν(Iquad(m
2)− υ2) + 1
4
(m2 − p2)gβν(Ilog(m2)− υ0)+
+
1
6
(p2gνβ + 2pβpν)(Ilog(m
2)− ξ0)− b (−gβνp2 + pνpβ)Z2(p2,m2) + 1
2
b(m2 − 3p2) gβνZ1(p2,m2)+
+
1
2
b(p2 −m2)gβνZ0(p2,m2)− b pβpνm2
∫ 1
0
dx
x2(1− x)
∆2
(66)
Jβν4 =
∫
k
k2kβkν
(k2 −m2)[(k − p)2 −m2]2 =
1
2
gνβ(Iquad(m
2)− υ2) + (m2 − p2)Jβν2 + 2pλJβνλ5 − 2pλIβνλ5 − p2Iβν2 (67)
where b ≡ i(4pi)2 , Zk(p2,m2) and ∆2 are defined as
Zk(p
2,m2) =
∫ 1
0
dzzk ln
m2 − p2z(1− z)
m2
, (68)
∆2 = m2 − p2x(1− x). (69)
The basic divergent integrals Ilog(m
2) and Iquad(m
2) and the surface terms υ0, υ2 and ξ0 are defined in section III.
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